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Abstract. We give several applications of a lemma on completeness used by 
Osserman to show the meromorphicity of Weierstrass data for complete mini- 
mal surfaces with finite total curvature. Completeness and weak completeness 
are defined for several classes of surfaces which admit singular points. The 
completeness lemma is a useful machinery for the study of completeness in 
these classes of surfaces. In particular, we show that a constant mean curva- 
ture one (i.e. CMC-1) surface in de Sitter 3-space is complete if and only if it is 
weakly complete, the singular set is compact and all the ends are conformally 
equivalent to a punctured disk. 

Introduction 

Firstly, we recall the following lemma given in MacLane [TU] and Osserman [T^ 
to show properties of complete minimal surfaces. We set 

A:={zGC;\z\<1}, and A*:=A\{0}. 

Completeness Lemma ([TOIIIT], [THl Lemma 9.6]). Letuj{z) he a holomorphic 1- 
form on A*. Suppose that the integral \uj\ diverges to co for all paths 7 : [0, 1) — > 
A* accumulating at the origin z = 0. Then lo{z) has at most a pole at the origin. 

This lemma plays a crucial role in showing the meromorphicity of Weierstrass 
data for complete minimal surfaces with finite total curvature. We show in the first 
section that it is also useful for showing several types of completeness of surfaces 
which may admit singularities. 

In Section [51 we give a further application: Let 6*1 (c Rf) be the de Sitter 
3-space with metric induced from the Lorentz-Minkowski 4-space il*, which is a 
simply-connected 3-dimensional complete Lorentzian manifold with constant sec- 
tional curvature 1. We consider the projection 

PL : SL(2, C)^Sf = SL(2, C)/SU(1, 1). 

A holomorphic map F: E'^ — ^ SL(2, C) defined on a Riemann surface is called 
null if det{dF/dz) vanishes identically on S^, where z is an arbitrary complex 
coordinate on S^. For a null holomorphic immersion F : — >■ SL(2, C), 

f:^PLoF:J:^^ Sf 

gives a spacelike CMC-1 (i.e. constant mean curvature one) surface with singulari- 
ties, called a CMC-1 face. Conversely, a CMC-1 face f : T? ^ SL(2, C) is obtained 
as f = plo F, where F: — >■ SL(2, C) is a null holomorphic immersion defined on 
the universal cover of (see [T] and [5] for details) . The pull-back metric ds^t 
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of the canonical Hermitian metric of SL(2,C) by the map F ^ of taking inverse 
matrices gives a single- valued positive definite metric on (see Remark 1.11]). 
That is, 

(1) d4:=trace(a#)'(^=(l + |G|2)' 

where G and Q are the hyperbolic Gauss map and the Hopf differential, respectively 
(cf. H (1.17)]), and *( ) denotes the transposition. A CMC-1 face / : E^ — > Sf is 
called weakly complete if ds^ is complete. 

On the other hand, we define another completeness as follows: Let {N^,g) be a 
Riemannian or a Lorentzian manifold in general. 

Definition 1. We say a C°°-map /: E^ — > is complete if there exists a sym- 
metric covariant tensor T on E^ with compact support such that ds^ + T gives a 
complete Riemannian metric on E^, where ds'^ is the pull-back of the metric g on 
N'^, called the first fundamental form. 

If / is complete and the singular set is non-empty, then the singular set must be 
compact, by definition. If / is a CMC-1 face, completeness implies weak complete- 
ness (cf. [U Proposition 1.1]). This new definition of completeness is a generalization 
of the classical one, namely, if / has no singular points, then completeness coincides 
with the classical notion of completeness in Riemannian geometry. For complete 
CMC-1 faces, we have an analogue of the Osserman inequality for minimal sur- 
faces in (cf. H Theorem 0.2]). The goal of this paper is to prove the following 
assertion: 

Theorem. A CMC-1 face in Sf is complete if and only if it is weakly complete, 
the singular set is compact and every end is conformally equivalent to a punctured 
disk. 

The 'only if part has been proved in .2^ . The proof of the 'if part in this theorem 
is given in Section [2] 

In this paper, we shall discuss the relationships between completeness and weak 
completeness on various classes of surfaces with singularities as applications of the 
completeness lemma. The above theorem is the deepest result amongst them. 

1. Applications of the completeness lemma 

In this section, we shall give several new applications of the completeness lemma, 
which show the importance of this kind of assertion (see Question in Remark [5]) . 

Let {N^,g) be a Riemannian 3-manifold. It is well-known that the unit tangent 
bundle TiN^ of has a canonical contact structure. A map L : E^ — TiN^ 
defined on a 2-manifold E^ is called a Legendrian immersion if and only if L is an 
isotropic immersion. Then a map f : Y? ^ is called a wave front or a front 
if there exists a Legendrian immersion Lf : ^ TiN^ that is a lift of /. The 
pull-back metric 

(2) dr^ := lyg 

of the canonical metric g of TiN^ coincides with the sum of the first fundamental 
form and the third fundamental form of / if {N^,g) is a space form. Then / is 
called weakly complete if L*j:g is a complete Riemannian metric on E^. It should 
be remarked that the completeness (in the sense of Melko and Sterling [Tl]) of 
surfaces of constant Gaussian curvature —1 in coincides with our notion of weak 
completeness of wave fronts. The differential geometry of wave fronts is discussed 
in [TO]. 
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Remark 2. This weak completeness is different from that for CMC-1 faces as in 
the introduction. Moreover, weak completeness for improper afRne spheres given in 
Remark |4] of this section is also somewhat different from that for fronts and CMC-1 
faces. The authors do not yet know of a unified treatment of weak completeness. In 
fact, there might be several possibilities for completeness of a given class of surfaces 
with singularities. 

Definition [T] defines completeness for wave fronts. By definition, completeness 
implies weak completeness. These two notions of completeness were defined for 
fiat fronts (i.e. wave fronts whose first fundamental form has vanishing Gaussian 
curvature on their regular sets) in the hyperbolic 3-space H^, the Euclidean 3- 
space R^, and the 3-sphere S^, respectively (cf. [5], [15] and [B]). In particular, 
fundamental properties of fiat surfaces in were given in Galvez, Martinez and 
Milan [3]. Later, further properties for such surfaces as wave fronts were given in 
and [H]. 

Let be a 2-manifold and / : — > a flat front. In this case, there is another 
lifting of / (different from Lf) as follows: the map / induces a canonical complex 
structure on E^, and there exists a holomorphic immersion F : — )■ SL(2, C) such 
that f ~ TT o F holds and F~^dF is off-diagonal, where 

TT : SL(2, C)^H^ ^ SL(2, C)/SU(2) 

is the canonical projection. Remarkably, the weak completeness of / is equivalent 
to the completeness of the pull-back metric of the canonical Hermitian metric of 
SL(2, C) by F (see [7]). For complete fiat fronts in iJ^, we have an analogue of 
the Osserman inequality for complete minimal surfaces (see [7] for details). The 
caustic (i.e. focal surface) of a complete flat front / : — >■ is weakly complete 
(by taking a double cover of T? if necessary) . The asymptotic behavior of weakly 
complete (but not complete) flat fronts in was analyzed in jH]. 

Proposition. A flat front in is complete if and only if it is weakly complete, 
and the singular set is compact and each end of the front is conformally equivalent 
to a punctured disk. 

It should be remarked that another characterization of completeness of / using 
the total curvature of dr^ is given in [5J Theorem 3.3]. 

Proof. The 'only if part has been proved in [51 Theorem 3.3], since completeness 
at each end implies that the end is conformally equivalent to a punctured disk. So 
we shall prove the converse. We use the same notations as in [S]. Let / : A* — > 
be a flat immersion which is weakly complete at z = 0. Then, the metric dr^ given 
in ^ is written as dr^ = joj]^ -|- \9\'^ , where uj and 9 are the canonical forms as 
in PI (2.4) and (2.7)]. Since / is weakly complete at z = 0, the length L{'y) with 
respect to the metric dr^ = jw]^ -I- \9\'^ diverges to oo for all paths 7 : [0, 1) ^ A* 
accumulating at the origin. Though w is defined only on the universal cover A* of 
A*, is well-defined on A*. Hence there exists ^ G [0, 1) such that 

(3) w(z) = z^c2;(z)dz, 

where Cj{z) is a holomorphic function on A*. (We have not yet excluded the possi- 
bility that Cj{z) has an essential singularity at z = 0.) We shall now prove that w(z) 
has at most a pole there. For this purpose, we set p := 9 j^o. Then the singular set 
is characterized by {]p] = 1} (cf. [HI (2.6)]). We may assume \p\ < 1 on A* without 
loss of generality by exchanging roles of uj and 9 (see fHli page 270]), if necessary, 
because / is an immersion. Then we have that for any path 7 accumulating at 0, 

00 = L(7) = / ^^WTW < [ VITTHW <V2 [\u:\<V2 [ \6j{z)\ \dz\. 
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Then by the completeness lemma, il>{z) has at most a pole. On the other hand, \p\ 
is well-defined on A* and \p\ < 1 holds on A*. Thus there exists a real number 
v G [0,1) such that p{z) — z'^p{z), where p{z) is a holomorphic function on A* 
(that is, p{z) may have essential singularity at the origin). We have on A* that 

l>|zi-1>|zi-V(z)| = |zp(z)|. 

Then by the great Picard theorem, zp{z) is meromorphic at the origin. Summing 
up, uj and 9 = puj are meromorphic 1-forms on a neighborhood of the origin. Then 
[SI (3.2)] yields that dr^ has finite total curvature, and completeness follows from 
[SI Theorem 3.3]. □ 

Remark 3. The assumption 'conformal equivalency of the end to the unit punctured 
disc' in Proposition cannot be dropped. However, in other situations, this condition 
might not be required. In fact, a flat front in is complete if and only if it is 
weakly complete and the singular set is compact (see [IS Corollary 4.7]). On the 
other hand, a weakly complete immersion may not be complete in general. In fact, 
we set 

ds^ = du^ + 2 cos w(it, v) du dv + dv^ 

on (i?^; u, v), where oj : R^ — > (0, tt) is a C°°-function satisfying d'^uj{u, v)/dudv = 
0. Then it is known that (cf [5] or [6]) there is a fiat immersion / : R^ — )■ into the 
unit sphere such that ds^ is the first fundamental form and 2 sincLi(w, v) du dv is 
the second fundamental form. So if we set 



uj(u,v) — arcsin ^ — - — j + arcsin ^ — - — j , 

there is an associated flat immersion of R^ into S"^. In this case, the length of the 
curve [0,oo) 9 1 1-> (i, —t) e R'^ with respect to ds^ is flnite, that is 

/•CO . POO _£^ pCO 

I W2(l-cosw(t, -<)) = / 2sin— -dt = I exp (-t^) < oo. 

Jo Jo 2 Jq 

Since the sum of the first and the third fundamental forms is given by du^ + dv^ , 
the immersion / is weakly complete, but not complete. 

Remark 4 (Improper affine spheres). Improper affine spheres in R^ are closely 
related to fiat surfaces in (see [13] and also [3]). An improper affine sphere with 
admissible singular points in the affine space R'^ is called an improper affine map 
(see [12j). Martinez |12) defined completeness for improper affine maps and proved 
an analogue of the Osserman inequality. Definition |T] is a generalization of this 
completeness and completeness for wave fronts. An improper affine map is called 
weakly complete if the metric dr^ as in jl21 (9)] is complete. Let be a Riemann 
surface and {F, G) a pair of holomorphic functions on such that 

(1) Re{FdG) is exact, 

(2) + |dGp is positive definite. 

Then the induced mapping f -.Y? ^ R^ ^ C x R given by 

f := (g + F, ~ + Re (gF - 2 / FdG 



is an improper affine map with dr^ — 2{\dF\'^ + |c?Gp). Conversely, any improper 
affine map is given in this way. The following assertion holds: 

An improper affine map in R^ is a wave front. Moreover, it is complete if and 
only if it is weakly complete, the singular set is compact and all ends are conformally 
equivalent to a punctured disk. 
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In fact, V :— {F — G, l) gives a Euclidean normal vector field along / (cf. [T^l 
(8)]), and one can easily verify that / is a wave front, that is, (/, [i']) : — )• 
p3 X P^(i?) gives an immersion if and only if (ii) holds. (Nakajo 16, Proposition 
4.3] gave an alternative proof of this fact.) 

To prove the second assertion, we use the same notations as in [12]. Let / : 
be a complete improper afhne map. By [T^l (9)], we have that 

ds^ = \dF + dG\^ < {\dF\ + \dG\)^ 

= \dF\^ + \dG\^ + 2\dF\\dG\ < 2{\dF\^ + \dG\^) ^ dT^ , 

which implies the completeness of dr^, that is, / is weakly complete. On the other 
hand, by ^12. Proposition 1] , all ends of / are conformally equivalent to a punctured 
disk. 

Next, we show the converse. Let / : A* — R^ be an improper afhne immersion 
which is weakly complete at z = 0, and for which the end 2; = is of punctured 
type. Then the data {F, G) corresponding to / is a pair of holomorphic functions 
on A*, and the length L{j) with respect to the metric dr^ — 2{\dF\'^ + jdGp) 
diverges to 00 for all paths 7 : [0, 1) A* accumulating at the origin. Since / is an 
immersion, \dF\ 7^ \dG\ holds. So we may assume \dF\ < \dG\ holds on A* without 
loss of generality. Then we have that 

00 ^ L{-f) = V2 / ^/\dF\^ + |dG|2 < 2 / \dG\. 

J ■y J ■y 

Thus, by the completeness lemma, dG{z) has at most a pole at the origin. Since 
\dF/dG\ < 1, the great Picard theorem yields that dF{z)/dG{z) has at most a pole 
at the origin. In particular, both dF and dG have at most a pole at the origin. Thus 
dF{0)/dG{0) is well-defined, and satisfies |dF(0)/G'(0)| < 1. Since the singular set 
e A*; \dF{z)/dGiz)\ = 1} is empty, we have that \dF{0)/dG{0)\ < 1. Then 
there exists 6 € (0, 1) such that \dF{z)/dG{z)\ < S holds near z — 0, and 



ds^ = \dG + dF\^ = |dG|^ 



1 dF 
'+dG 



2 



> \dG\' 1 - 



dF 



dG 



2 



(1-6) 



2 



> (1 - 6r\dG\' > '-^^ {\dF\^ + \dG\') , 
which proves the completeness of /. 

2. Proof of Theorem 

Now we give a proof of the theorem in the introduction. It is sufficient to show 
the converse of ^2, Proposition 1.1]. We use the same notations as in 2 . 

Let /: A* ^ Si he a, CMC-1 immersion which is weakly complete at the origin. 
Since / is an immersion, the metric da^ given in P| (1.15)] is a metric of constant 
curvature —1 on A*. By 2, Theorem 2.1 and Definition 3.2], / is g-regular. Also, 
by [2 Corollary 3.1], / must be elliptic or parabolic. 

Elliptic case. In this case, / is a g-regular elliptic end. Since the Schwarzian 
derivative S{g) of the secondary Gauss map 5 is a projective connection of elliptic 
type (see |2j Section 2]), g is written in the form (see (2j Proposition 2.2]) 

g = z^h{z), 

where /i is a real number and /i is a holomorphic function with h(Q) ^ Q. If/i^^O, 
then we can replace g by 1/g (see [21 Remark 1.9]), and so we may assume that 
/X > 0. In particular, g[Q) — holds. On the other hand, if = 0, then \g{Q)\ ^ 1, 
since the singular set {\g\ — 1} does not accumulate at the origin. Then, replacing 
g hy 1/g if necessary (cf. [2, Remark 1.9]), we may assume \g\'^ < 1 — e on A* for 
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sufficiently small e > 0. When /i > 0, the inequality |gp < 1 — e holds trivially. 
Thus we have that 



ds' (1 + \g\'rH' < < 1(1 - IsH^lcp = ^ds\ 



(4) , _ . , . . , 

where (5,0;) is the Weierstrass data as in [21 (1-6)]. 

The weak completeness means the completeness of the metric ds"^ as in ([T]). 
(The metric ds"^ coincides with the metric given in [31 (1.17)].) On the other hand, 
the completeness of ds'^ is equivalent to that of ds^ (see the last part of the proof 
of [21 Proposition 1.1]). By (Hj), ds^ is complete at the origin. 

Parabolic case. In this case, by ^ Lemma P], / is a g-regular parabolic end of 
the first kind. In the proof of Theorem 3.2 in [2], completeness is not used, but what 
is applied is the fact that the ends are immersed, g-regular and of punctured type. 
So we can refer to all of equations in that proof. One can choose the secondary 
Gauss map g as (see [H (3.2)]) 

l5(z) + l 



1 



g{z) = i{h{z) + e log z), 



i g{z) 

where e — ±1 and h{z) is a holomorphic function on a sufficiently small neighbor- 
hood of the origin. Then we have that 



5(^) 



5'(^) 



2{zh'{z)+e) 



g{z)+i' ' z(/i(z) + £ log z + 1)2 ' 

Since zh'{z) + e is bounded on a neighborhood of the origin and 

\{h{z) +e log z + 1) 



d 

dz 



(5) 



1 



as z — > 0, there exists a positive constant ci such that 

Cl 



(6) 



\9'\< 



z\ Jlogz 

On the other hand, by ^ we have that 

h{z) + elogz 



(7) 

Moreover, since 



\9i^)\ 



1 



1 



h{z) + elogz + 1 

4(Reft, + elog Jz] 



(z^O). 



151 



llogz + e(/i + l)12' 
it can be easily checked that there is a constant C2 such that 



(8) 



C2 



jlogz] 



< II 



Since ds^ = (1 — |<7|^)^|Q/rf.g|^, (Ej) yields that there is a constant C2(> 0) such that 



(9) 



IzJ^Jlogzl^ 



dz 



< c'-ids^ , 



where Q = u)dg is the Hopf differential (cf. j2, (1.8 
constants C3 and Cg such that 

"<4liog^l' 



Then, there exist positive 



(10) 



ds^ 



(1 + i.giri^r <C3 



dg 



dz 



We recall the following inequality shown on [2 Appendix A] 



(11) 



ds^ < C()\Q/dz 
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which holds for g-regular parabohc ends of the first kind, where cq is a positive 
constant. By (0, (O ^ and (HH), we have that 

|2 |2 

ds2<4|l0gz|" 



< C3C2 I 12 "■^ ^ C3C2C0 



< ri4 - C3(C2Co) 



Again, by the equivalency of completeness of the two metrics ds^ and dP, the 
weak completeness implies the completeness of ds^. In particular, \Q/{z^dz)\'^ is a 
complete metric at the origin. Then by the completeness lemma, Q/{z^dz) (and so 
Q) has at most a pole at z — Q. We denote by ordoQ the order of Q at the origin. 
For example, ordgQ — m\i Q — z™ dz^ . 

Firstly, we consider the case that z = is not a regular end. Then the hyperbolic 
Gauss map G{z) of / has an essential singular point at z = and the Schwarzian 
derivative S{G) has pole of order < —2. Since / is g-regular, S{g) is of order —2 
(see El Definition 3.2]), so the identity 2Q = S{g) - S{G) (cf. [1 (1.20)]) implies 
ordoQ ^ ~3. On the other hand, if z = is a regular end, then ordoQ = —2 by 
Lemma 5.1]. Thus, the Hopf differential of / satisfies ordoQ < —2. In particular, 
there exists a constant C4 > such that 

holds on A*. By 2, (3.4)], we have that 

^^2^^ 4ldgl^ ^ C^ldzJ^ 



(1 - \9?Y ~ r2(c + logr)2' 

where C and c are positive constants. Thus there exists a constant C5 > such 
that (cf. H (1.15) and (1.16)]) 

d.2 =4^ > 4(c5)2r2lQl2(c + logr)2 > 4(c4C5)2^^±^^ldzl^. 
Since \dz\ > dr and 

* (c + logr) , (logi)2 
r 2 

diverges to 00 as t — >■ 0, the metric ds^ is complete at z = 0, which proves the 
assertion. 

Remark 5. Related to the above proof of our main theorem, we leave here the 
following: 

Question. Let uj{z) he a holomorphic l-form on A* and n a non-negative integer. 
Suppose that the integral 



lc.(z)(logz)"l 

diverges to 00 for all C°°-paths 7 : [0, 1) — > A* accumulating at the origin z = 0. 
Then does w(z) have at most a pole at the origin? 

When n = 0, this question reduces to the original lemma. If the answer is 
affirmative, one can obtain the meromorphicity of the Hopf differential Q directly by 
applying it to equation (fTO)) , since the weak completeness implies the completeness 
of the metric dP . The proof of the completeness lemma given in [TH] cannot be 
modified directly, since the estimate of Im(logz) along a path 7 seems difficult. 
Fortunately, in our situation, we have succeeded to prove our main result without 
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applying the statement, because of ([TT|). It should be remarked that this key 
inequality (TTT]) itself comes from the Gauss equation of the surface. 

Remark 6 (Spacelike maximal surfaces in Ri). It is known that CMC-1 surfaces 
in Sf have a quite similar properties to spacelike maximal surfaces in the Lorentz- 
Minkowski space of dimension 3 with the metric of signature (—,+,+). We 
consider a fibration 

pl:C'3 (C\ C', ^ Rc (- V^C', C\ e Rl 

The projection of null holomorphic immersions into R^ hy gives spacelike max- 
imal surfaces with singularities, called maxfaces (see [20 j for details). Here a holo- 
morphic map F = (Fi, F2, F3) : — defined on a Riemann surface is called 
null if (Fl)"^ + (i^2)^ + (-^3)^ vanishes identically, where ' = d/dz denotes the de- 
rivative with respect to a local complex coordinate z of E^. The completeness and 
the weak completeness for maxfaces are defined in f^Dl. As in the case of CMC-1 
faces in 5*^^, completeness implies weak completeness, however, the converse is not 
true. For complete maxfaces, we have an analogue of the Osserman inequality (cf. 
pO]). On the other hand, recently, the existence of many weakly complete bounded 
maxfaces in R^ has been shown, and such surfaces cannot be complete (see [llj). 
We can prove the following assertion by applying the completeness lemma: 

A maxface in R^ is complete if and only if it is weakly complete, the singular set 
is compact and all ends are conformally equivalent to a punctured disk. 

The proof of this assertion is easier than the case of CMC-1 faces in Sf. The 
'only if part has been proved in [501 Corollary 4.8], since finiteness of total cur- 
vature implies that all ends are conformally equivalent to a punctured disk. So 
it is sufficient to show the converse. The notations are the same as in [2^. Let 
/ : A* — > Rl be a spacelike maximal immersion which is weakly complete at 2: = 0, 
namely, the length L{'j) with respect to the metric da^ = (1 + |(7p)^|a;p given in 
[20I Definition 2.7] diverges to 00 for all paths 7 : [0, 1) — >■ A* accumulating at the 
origin. Since / is an immersion, we may assume that |i7(-2;)| 1 for all z e A*. In 
particular, the image g(A*) has infinitely many exceptional values. Then by the 
great Picard theorem, g has at most a pole at the origin. Without loss of generality, 
we may assume that g{0) G C. Then there exists M > such that \g{z)\ < M for 
2: e A*. Thus we have that 

oo = L(7)= / da<{l + AP) I \uj\. 

By the completeness lemma, lu has at most a pole at the origin. Since the Weier- 
strass data (5,0;) has at most a pole at the origin, du^ has finite total curvature. 
Then completeness follows from [501 Corollary 4.8]. 

References 

[1] S. Fujimori , 'Spacelike CMC 1 surfaces with elliptic ends in de Sitter 3-space' Hokkaido 
Math. J. 35 (2006) 289-320. 

[2] S. Fujimori, W. Rossman, M. Umehara, K. Yamada and S.-D. Yang , 'Spacelike mean curva- 
ture one surfaces in de Sitter 3-space', Comm. Anal. Geom. 17 (2009) 383-427. 

[3] J. A. Galvez, A. Martinez and F. Milan , 'Flat surfaces in hyperbolic 3-space', Math. Ann. 
316 (2000) 419-435. 

[4] G. Ishikawa and Y. Machida , 'Singularities of improper affine spheres and surfaces of constant 

Gaussian curvature', Int. J. Math. 17 (2006) 269-293. 
[5] Y. Kitagawa , 'Periodicity of the asymptotic curves on flat tori in S^', J. Math. Soc. Japan 

40 (1988) 457-476. 

[6] Y. Kitagavira and M. Umehara , 'Extrinsic diameter of immersed flat tori in S^', preprint. 



APPLICATIONS OF A COMPLETENESS LEMMA 



9 



[7] M. Kokubu, M. Umchara and K. Yamada , 'Flat fronts in hyperbolic 3-space', Pacific J, 

Math. 216 (2004) 149-175. 
[8] M. Kokubu, W. Rossman, M. Umchara and K. Yamada , 'Flat fronts in hyperbolic 3-space 

and their caustics', J. Math. Soc. Japan 59 (2007) 265 -299, 
[9] M. Kokubu, W. Rossman, M. Umehara and K. Yamada , 'Asymptotic behavior of fiat surfaces 

in hyperbolic 3-space', J. Math. Soc. Japan 61 (2009) 799-852. 
[10] G. R. MacLane , 'On asymptotic values', abstract 603-166, Notice of the Amer. Math. Soc 

10 (1963) 482-483. 

[11] F. Martin, M. Umchara and K. Yamada , 'Complete bounded holomorphic curves immersed 

in with arbitrary genus', Proc. Amer. Math. Soc. 137 (2009), 3437-3450. 
[12] A. Martinez , 'Improper Affinc maps'. Math. Z. 249 (2005) 755-766, 

[13] A. Martinez , 'Relatives of Flat Surfaces in H^', Proceedings of International Workshop 
ON Integrable systems, Geometry and Visualization (November 19-24 at Kyushu Uni- 
versity, Pukuoka, Japan), pp. 115-132, 2005. 

[14] M. Melko and I. Sterling , 'Application of soliton theory to the construction of pseudo- 
spherical surfaces in R^', Annals of Global Analysis and Geometry 11 (1993) 65-107. 

[15] S. Murata and M. Umehara , 'Flat surfaces with singularities in Euclidean 3-space', J. of 
Differential Geometry 82 (2009) 279-316. 

[16] D. Nakajo, 'A representation formula for indefinite improper affinc spheres', Result. Math. 
55 (2009), 139-159. 

[17] R. Osserman , 'Global Properties of Minimal Surfaces in E'^ and E"\ Ann. of Math. 80 
(1964), 340-364. 

[18] R. Osserman , A survey of minimal surfaces (Dover Publications Inc, 1986). 
[19] K. Saji, M. Umehara and K. Yamada , 'The geometry of fronts', Ann. of Math. 169 (2009) 
491-529. 

[20] M. Umehara and K. Yamada , 'Maximal surfaces with singularities in Minkowski space', 
Hokkaido Math. J. 35 (2006) 13-40. 

(Masaaki Umehara) Department of Mathematics, Graduate School of Science,, Osaka 
University, Toyonaka, Osaka 560-0043, Japan 
E-mail address: umeharaamath.sci.osaka-u.ac.jp 

(Kotaro Yamada) Department of Mathematics, Tokyo Institute of Technology, O- 

OKAYAMA, MeGURO, TOKYO 152-8551, JAPAN 

E-mail address: kotaroSmath.titech.ac.jp 



